We theoretically investigate a quantum dot coupled to fermionic and bosonic environments, naturally occurring in electrical circuits. The fermionic environments consist of two electronic reservoir leads and the bosonic baths are either external impedances modeled as tunable transmission lines or LC resonators (single-mode cavities). The differing sizes of the zero-point fluctuations of the quantum vacuum break the spatial symmetry of the system if the quantum dot is coupled to two reservoirs or two junctions with different bosonic environments. We show how this permits the rectification of the electrical current in both non-resonant and resonant sequential tunneling cases.
The dream of using fluctuations from the quantum vacuum as a limitless power source has inspired many, from science fiction writers, to scientists. While it is certainly possible to extract energy from the vacuum (a pair of Casimir plates moving toward each other can do external work [1] ), the difficult part is to find a way to do it cyclically or continuously without putting in more energy than you get out. Indeed, if we consider the quantum vacuum as the many body ground state, then it is clear that if the Hamiltonian itself is not changed, no energy can come from it. Quantum vacuum fluctuations arise simply because the operators in question (position, momentum, particle number, etc.) do not commute with the many body Hamiltonian, and are no longer good quantum numbers. Nonetheless, many have been tempted to try and rectify these fluctuations as a source of energy. There are many misconceptions. Even in the case of classical thermodynamics, L. Brillouin wondered if a circuit containing a diode, and a hot resistor could rectify its own thermal fluctuations, in obvious violation of the second law [2] . By taking proper account of the nonlinear diffusion coefficients in the stochastic dynamics and the contact potentials of the diode, the paradox was resolved [3] .
In the quantum case, one must make a microscopic analysis in the same vein, which we now do for the specific case of electrical transport through a quantum dot. The subject of quantum thermodynamics has been rapidly growing in interest [4] . This has been driven both by fundamental questions as well as possible applications for energy harvesting and cooling. R. Sanchez and M. Büttiker [5] proposed a three terminal quantum dot heat engine based on Coulomb blockade, working between two finite temperature baths, each in equilibrium. There has been recent activity on thermoelectrics and quantum dots [6] [7] [8] [9] [10] [11] and also pioneering experimental works [12] [13] [14] [15] .
In this work, we consider the systems displayed in Fig. 1(a,b) . The left and right leads contain electrons, tunnel coupled to one another via a quantum dot. The dot is described with coupling capacitances C L , C R . Additionally, this system is part of an electrical circuit with finite impedances of the left and right lead, Z L , Z R . The impedances can be modeled by a chain of LC oscillators, which when quantized, behave as a system of quantum harmonic oscillators, whose frequency ω i depends on the impedance and inductance of the chain. The vacuum energy of the chain is E 0 = (1/2) i ω i , and leads to fluctuations of the charge (or voltage) on the plate of the coupling capacitor to the quantum dot [16] . We will address resonant and non-resonant sequential tunneling processes, associated to the emissions of photons in the zero-temperature transmission lines. The distinct regime of large impedances (dynamical Coulomb blockade) was addressed in Ref. [17] . We will also introduce a different setup, where the leads are now coupled to frequency selective cavities (or tunable LC reonators which can be built with current technology [18] ). These two classes of bosonic environments coupling to mesoscopic circuits have attracted some attention both experimentally [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and theoretically [30] [31] [32] [33] [34] [35] [36] [37] [38] . Novel many-body physics has also been addressed [39] [40] [41] [42] [43] [44] [45] .
The main question we are interested in, is under what conditions rectification of electrical current can occur. We find in our model, that when the system is put in state of overall zero temperature, that no current is rectified. However, this does not mean that vacuum fluctuations are unimportant. It is necessary to give some energy to the system for a current to flow. We consider two ways to do this: First, we consider the case when the conduction electrons are at zero temperature so that the charging energy of the quantum dot forbids electrons to tunnel onto it. However, if the quantum dot is capacitively coupled to an electrical environment via capacitance C d with impedance Z d , and temperature T , the electrons have a new way of gaining energy: photons from the hot impedance can be absorbed, allowing the electrons to tunnel onto the dot. Second, we consider a model where the electrons in the two leads are in thermal equilibrium, both at the same small temperature T , but are coupled to zero temperature electrical circuits with different impedances, Z L and Z R , with capacitances C L and C R . In both cases, the finite charging energy of the quantum dot requires an energy E from the incoming electron to be occupied. In the first case, this is supplied by absorbing a photon from the hot circuit; in the second it is from the fact that some of the electrons are thermally populated into that energy. In order to leave the dot, the electron must reenter the Fermi sea of the quasi-particles surrounding it. This leads to the orthogonality catastrophe because in order to receive the new electron, the wavefunctions of all the other quasiparticles must dramatically change to a nearly orthogonal state [46] . This process is sensitive to the vacuum fluctuations of the electrical circuit. If the impedance of the two leads are different, the fluctuations of the vacuum will break left-right symmetry, giving a preferred direction for the particle to exit the system into -thus giving current rectification.
Analysis.-We let c k be a fermionic annihilation operator on the left lead of momentum k, similarly, d and c q describe electrons on the dot, and the right lead. Operators a jp annihilate a photon of energy ω p in the electrical transmission line j ∈ {L, R, d}.
The system Hamiltonian is,
q c q are the Hamiltonians for the left and right lead with electron energies k and q . δV L,R are the voltage fluctuations on the capacitors. We define the zero of energy as the Fermi level of the leads. As can be seen from Fig. 1 the quantum dot Hamiltonian, describing a single quantum level, is
. This specific form of charging energy assumes spin-polarized electrons. E c > 0 is the charging energy of this level, which corresponds to the difference of energy when the dot is charged, versus uncharged [47] . We find by a circuit analysis that it depends on the voltages on the nearby capacitors, E c = e 2 /2C Σ − e j (C j /C Σ )δV j , where the sum is over L, R, d. Here C Σ = C L + C R + C d and δV d corresponds to the voltage fluctuations linked to the central impedance d, which is only present in the case of Fig. 1(a) . E d corresponds to the energy level of the dot, as defined in Fig. 1 .
The Hamiltonian of the electrical circuit j ∈ {L, R, d} is H ph = p,j ω jp (a † jp a jp + 1/2), while the tunneling terms are
Here, t kd is the tunneling matrix element onto the dot from the left lead with momentum k, t dq is the tunneling matrix element from the dot to the right lead with momentum q. The effect of the fluctuating voltages on the tunnel junctions and coupling capacitors can be taken into account by a unitary transformation
This transformation has the effect of eliminating the fluctuating potentials on the bare system Hamiltonians, and putting a fluctuating phase on the tunneling elements,
(
Here, we have introduced the total phase
dt δV l (t ) captures the isolated effect of the impedance l ∈ {L, R}, and
dt δV j (t ). We treat the problem within P (E) theory [46] , assuming that tunneling on and off of the dot can be described with tunneling rates described within a golden rule picture in first order perturbation theory. This also assumes that environments relax faster than the tunneling time scale rates. The tunneling rates are controlled by the probability of the electrical circuit to either absorb or emit a photon. This probability for lead l ∈ {L, R} is given by
where
Cold electrons and hot photons ( Fig. 1(a) ).
where we have introduced the coupling constants to the environmental baths,
For the sake of simplicity, we have here specified the case for which both left and right leads have the same correlation function K 0 (t) = K L,0 (t) = K R,0 (t) in isolation at zero temperature, and the asymmetry of the system comes from different values of C L and C R . K T is the correlation function of the central hot impedance in isolation. The important point is that the capacitive coupling to the hot impedance now enters the P l (E) functions for the tunneling electrons.
The functional forms of K 0 (t) and K T (t) are quite different. We consider the case where the zero frequency external impedance of the T = 0 transmission lines Z(0) = R is small compared to the resistance quantum, R R q = h/e 2 , and define the large α = R q /R 1. In this case, we have for long time, K 0 (t) = −(2/α) ln(αE c t/π ) + iπ/2 + γ e , where γ e is the Euler constant [46] . The Fourier transform of this function leads to a P 0 (E) function that vanishes for negative energies, and has a power-law divergence for small positive energies, signaling the onset of the orthogonality catastrophe. In contrast for the hot impedance, still in the small resistance limit, the correlation function be-
The combined P l (E) functions from both effects may equivalently be found by taking a convolution of the two P 0 (E) and P T (E) functions, provided the coupling constants η l to the various circuits are properly accounted for. This turns out to be straightforward because they can be absorbed into effective impedances
(3) These P l (E) functions permit us to calculate the tunneling rates T ±,l between the leads and the dot, from left to right (+) and right to left (-),
T 0,l = 2π|t l | 2 ν l V l is the bare tunneling rate given in terms of the tunnel coupling t l , the density of states ν l and the volume V l of the lead, and we have included the possibility of a bias V (µ = eV ) on the system. At zero temperature the Fermi distribution f becomes a step function and equations (4) and (5) have a simple interpretation: the electrons in the lead have no way to gain energy without absorbing a photon from the bosonic bath if µ = 0. This is why the convolution with the hot impedance is important -it permits the P (E) function to have some probability in the negative energy range, so a photon can be absorbed from that bath. It may then be given back to a cold bath as it tunnels left or right, as can be seen in Fig. 1(c) . The asymmetry between the cold impedances breaks the left-right symmetry (equivalently, one may have only one cold impedance, with different capacitive couplings to it). Here Ω denotes the energy of the electron after the tunneling event. In the case of Fig. 1(b) the level is dephased by a fluctuating phase φ d , so that we assume a sequential non-resonant tunneling case and the rectified current is given by [17] ,
.
(6) Cold photons, hot electrons in the leads (Fig. 1(b) ).-We give a second example of this effect, where each of the leads is coupled to an electrical circuit at zero temperature, so that no photons can be absorbed during the tunneling processes. However, we now consider the electrons to be thermally distributed in energy with a Fermi function so they can tunnel from lead to dot and vice versa. This symmetry can be broken by permitting the tunneling electrons to lose energy by emitting photons in either the left or right electrical circuits both tunneling on and off the dot, emitting two photons, as can be seen in Fig. 1(d) . Here, the asymmetry between the cold impedances breaks the left-right symmetry leading to rectification of current.
The previous arguments still hold, and the rectified current assuming a non-resonant sequential tunneling is given by Eq. (6), with the following expression for the tunneling rates,
where Li x (z) is the Polylogarithm function. However, in the case of Fig. 1(b) , it is probably more relevant to address resonant tunneling processes. The transmitted electron can coherently bounce back and forth between the two barriers and interfere constructively before it exits. The rectified current is now I = (e/ ) (Γ + − Γ − ), obtained by summing over all the possible paths of the electron, so that we have
We have introduced Γ ±,l (Ω) = T ±,l (Ω), and we will focus on the symmetric case where Γ 0,l = T 0,l = Γ 0 in the following. This case permits Fabry-Perot type resonances between the two junctions forming the quantum dot [48] . It corresponds to a resonant sequential tunneling associated to the emission of two photons. Putting these results together, we confirm that the circuit needs to see effectively different impedances to break the left/right symmetry from the vacuum fluctuations. We show explicit figures in the Supplemental Material (SM) exemplifying the rectification of the current in these nano-engines, for the setups displayed in Fig. 1(a) and Fig. 1(b) . The more asymmetric we can make the situation, the better the rectification will be. The probability to absorb a photon is different in the two different leads, giving a preferred direction and thus an electric current. This rectified current is maximal for a dot energy E d of the order of k B T , and the ratio k B T /E c should not be too small in order to minimize the orthogonality catastrophe effect in the P (E) function. The dependence of the current with these parameters is studied in more detail in the SM, as well as the voltage-current characteristics.
Coupling to cavities.-Finally we focus on the setup displayed in Fig. 1(b) where the lead l is now coupled to a zero-temperature resonator of frequency
). The P l (E) functions corresponding to this environment read [46] 
where z l = πL l ω l /2 = (π/2) L l /C l and k is the number of emitted photons. In Fig. 2 we plot this current for different values of ω L and ω R , but with constant z L = z R . We have then photon-assisted tunneling and current rectification without any drive on the cavity, in contrast to Refs. [49] [50] [51] . The best situation corresponds to very asymmetric configurations Fig. 1(b) . The black curve with up-pointing triangles correspond to the setup displayed in Fig. 1(a) with∆ l /Γ0 = 1. For these setups, we have Ec/Γ0 = 20, αL(αL) = 5 and αR(αR) = 30, and E d is adjusted to maximize the power. The green curve with squares corresponds to the case of one cavity, and ωR and E d are adjusted to maximize the power.
(blue and red regions), where one of the two cavities is suppressed. The dependence of the rectified current with respect to the temperature and the cavity frequency in this highly asymmetric case is studied in the SM. For one photon processes (rather small values of z l /R q ), the resonant temperature T can be estimated by k B T ω R .
Heat engines characteristics.-The generated power is given by the product I × V . When I > 0 and µ < 0, the device produces power: the generated current flows against a load potential. We plot in Fig. 3 the maximum power as a function of temperature. In the single cavity case it exhibits a peak at a given temperature (see SM for more details), while on the other hand the power generated by the circuit coupled to the impedances is increasing with the temperature. In all cases we must consider thermal energies which are smaller than the level spacing of the dot. For completeness, in the SM, we present an extra analysis of the efficiencies of the Nano-engines as a function of temperature.
Conclusions.-We have shown that the quantum vacuum fluctuations of a T = 0 electrical circuit permit the rectification of electrical current in a mesoscopic quantum system. While external energy is required for this rectification to happen, the fact that the electrical environment absorb photons and electrons differently for different external impedances is sufficient to break the left/right spatial symmetry and rectify the current. Of course, there are other ways to break this symmetry, such as having a nonlinear electron transmission that is asymmetric (different tunneling rates is not enough). However, we stress that for our system in terms of the electron degrees of freedom, the system is completely left/right symmetricit is the vacuum fluctuations from the bosonic degrees of freedom that break the symmetry.
Supplemental Material
This Supplemental Material contains details about the evolution of the rectified current with respect to the parameters of the problem. We also focus on the current response when an external bias voltage is applied on the nano-engine. Finally, we address the heat engine characteristics.
Leads coupled to impedances.
We present an analysis of the evolution of the rectified current with respect to the dot energy level E d and to the charging energy E c . Here we fix the temperature T and Γ 0 such that k B T /Γ 0 = 1 (T is the temperature of the hot impedance for the setup displayed in Fig. 1(a) of the main text, and it is the lead temperature for the setup displayed in Fig. 1(b) of the main text) . The charging energy is the highest energy scale of the problem, and we do not calculate the current at temperatures of the order or greater than the charging energy. Above this threshold, the description we made is no longer accurate as the other levels of the quantum dot must be taken into account.
In Fig. 1 , we plot the rectified current with respect to the dot energy for α L (α L ) = 5 and α R (α R ) = 30, at a fixed value of the charging energy E c /Γ 0 = 8. We notice that this current is maximal at a dot energy of the order of the temperature. The value of this maximal current also depends on the charging energy of the dot. The inset shows then the evolution of the maximum value of the current with respect to E c /k B T , (for E c /k B T > 2). We notice that the current decreases with the charging energy, as expected from the power law evolution of P (E). Rectified current with respect to E d /kBT at zero bias. We have taken kBT = 0.125Ec. The red dotted curve corresponds to the setup displayed in Fig. 1(a) of the main text, with∆ l /Γ0 = 1, CL = CR = C d . The dashed blue and the full blue curves correspond respectively to the non-resonant and the resonant case of the setup displayed in Fig. 1(b) of the main text. We have αL(αL) = 5, αR(αR) = 30 and Γ0 = 0.125Ec. Inset: Evolution of the maximum value of the current IM at the resonance with respect to Ec/kBT .
Leads coupled to frequency selective cavities.
The P (E) theory gives the probability for the environment to absorb energy E, and we have the general expression:
The impedance of the environment is simply given by
is the frequency of the resonator. We then have,
In the case of a very large coupling capacitance C c l C l between the lead and the resonator, this expression can be simplified. We define z l = (π/2)L l ω l = π/2 L l /C l , and find
This allows us to reach the following expression for P l (E),
We check that P l (E) is normalized. In the general case the left and right tunneling rates given by the Eqs. (4) and (5) of the main text read
These rates take into account tunneling events with the emission of several photons, and the ratio z l /R q determines the dominant processes occuring in the device. We consider here small values of z l /R q , where one-photon processes are the most relevant and we only couple the right lead to a cavity. In this case, the current is simply given by
In Fig. 2 , we plot the rectified current with respect to the temperature and to the cavity frequency. The rectified current is written in Eq. (17) as a difference of two terms, which are products of two Fermi functions. At zero temperature both terms are zero (because one of the Fermi function is zero in both terms), and no tunneling events can occur. In the limit of high temperature, the flattening of the Fermi functions erase the asymmetry of the setup introduced by ω R , which also leads to a zero rectified current. We find then the existence of one resonance leading to an optimal lead temperature which corresponds to a maximum current. In this case of one-photon processes, we naturally find that the resonance occurs at a temperature T such that k B T ω R .
For greater values of z R /R q , this resonance is shifted to a greater value of the temperature T , which can be estimated by k B T k ω R , where k is the number of photons of the dominant process at this value of z R /R q .
Response to an external voltage and Heat Engine characteristics.
In Fig. 3 we plot the evolution of the resonant current with respect to an external bias field at different lead temperatures, for the setup displayed in Fig. 1(b) of the main text. We see that the increase of the temperature leads to a drop in the conductance, and to the appearance of the zero-voltage rectification current. The heat engines . Rectified current with respect to an external bias at different lead temperatures, ranging from the limit of zero temperature (full cyan curve) to kBT /Γ0 = 3 (full red curve). We have taken the resonant case of the setup displayed in the Fig. 1(b) of the main text (and adjusted the value of E d /kBT at small bias). Inset: generated power with respect to the external bias. We have αL = 5, αR = 30 and Γ0 = 0.125Ec.
can be characterized thanks to two physical quantities which are the maximum power that can be generated, whose evolution is shown in the inset, and the efficiency of the engine. In the case of hot leads and cold environment, the efficiency is given by η = IV /(IV − J), where −J is the heat expelled to the cold environment, which is then given by the sum of all the energy carried by the emitted photons. The heat currents associated to the tunneling events are
Defining The red curve with down-pointing triangles and the blue curve with circles correspond respectively to the resonant, and the non-resonant case of the setup displayed in Fig. 1(b) . The black curve with up-pointing triangles correspond to the setup displayed in Fig. 1(a) . The green curve with squares corresponds to the case of one single cavity. We have taken Ec/Γ0 = 20 (Ec/ T0 = 20 for the non-resonant cases).
case of non-resonant tunneling, while it is
in the case of resonant tunneling. On the other hand, for cold leads and a hot environment, the efficiency reads η = IV /J H , where J H is the amount of heat received from the environment. We plot in Fig. 4 the efficiency of the Nano-engines with respect to k B T /Γ 0 . We can remark that the efficiency of the setup displayed in Fig. 1(b) of the main text is similar for the non-resonant and the resonant case.
